Math 707, Test 2, Fall 2008 Name

Make sure to cite at which points you use the hypothesis of each problem and
where you use a previous theorem. Also make sure to set up and appropriately
end problems 1, 2, and 3.

1. (a)Let <En Ine N> be a sequence of Lebesgue measurable sets such that:

() VnE, oE

n+1

and (i) 3N mE, <co. Prove that m(ﬂ Eij: limm(E,).
ieN n—e

(b) Show that (a) may be false without (i).

(c) Show that (a) may be false without (ii).

2. Suppose < f.Ine N> is a sequence of Lebesgue measurable functions defined on a
Lebesgue measurable set E with finite measure. Also suppose f, — f pointwise. Prove
that Ve >0Vo>03 LMSAc E 3N eN such that

() MA<S and (i) Yxe E\A vn>N [f (x)- f(X)|<e.

3. Suppose f is defined and bounded on a Lebesgue measurable set E with finite measure.
Prove that f is a Lebesgue measurable function < |nf jw = Sup Igp.
y2f g p<f E
w simple @ simple
4. (a) Suppose fissuchthat VaeR f*(a,0]e LMS and SR . Write f[f3,] as
either a countable union or countable intersection of sets of the form f (e, ].

(b) Suppose f and g are Lebesgue measurable functions. Write (f +g) (e, ] in terms of
f* and g of rays using countable unions and intersections so that it is clear that
(f +9)*(a,] is a Lebesgue measurable set.

(c) Suppose f is a Lebesgue measurable function and g = f a.e. and € R . In class we
found Lebesgue measurable sets A, B, and C such thatg’l(a,oo] :(Au B)\C . List the
Lebesgue measurable sets A, B, and C.

(d) Suppose < f.Ine N> is a sequence of Lebesgue measurable functions anda € R.

-1
Write (sup fnj (a,] interms of f ~* of rays using countable unions and/or intersections
neN

so that it is clear that the function sup f, is a Lebesgue measurable function.
neN



