Math 751 Test 1 Spring 2011 Name

Math 751 Spring 2011 Test 1 questions.
1. Quiz1l:
Prove the existence case of Godel’s Normal Form Theorem (GNFT). In this case, ¢(u,,u,,---u,)

is the formula (Ju,,, eu; )y (u,,u,,---U,,,).

2. Quiz2:
Prove the conjunction A and negation — cases of Gédel’s Normal Form Theorem.

Recall Lemma 13.7: If G is a Godel operation, then the property Z = G(Xl,---, X.,) can be written as
a A,-formula. In fact,
Q) u eG(X,-~-) can be written as a A,-formula Q)é :
(i) Ifyis Ay, thensoare VueG(X, )y and JueG(X, )y
(maybe respective A,-formula could be named ¢, ; ande. ¢ ).
(iii)  Z=G(X,-) canbe writtenasa A,-formula ¢@; .

(iv) If yis Ay, then y(G(X,---)) can be written asa A,-formula ¢, .

3. Quiz3:
Prove (iii) and (iv) from (i) and (ii).

4. Quiz4:
Prove (i).7 and (ii).7, i.e., prove (i) and (ii) for the G =G, assuming as IH that (i), (ii), (iii), (iv)
hold for a Godel operation of less complexity than G.
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Godel’s Normal Form Theorem (13.4): There exist operations G,,G,,---,G,, such that if
@(uy,uy,---u, ) isa A,-formula, then there exists a composition G, of G,G,,--,G,, such that for all

Xy X, G(xl,...,xn):{(ul,...1un)

u, € X;,--+,u, € X, and ¢)(ul,---,un)}.

In the inductive proof, recall wlog,

(i) the only logical symbols in ¢ are —, A, and restricted 3
(i1) = does not occur

(i) the only occurrence of € is u; eu; where i= j

(iv) the only occurrence of 3 is (3u,,., €U, )y (U, Uy, --U,.,) Where i<m.

Godel operations

Gl(X’Y):{X’Y}

G,(X,Y)=XxY

G, (X.Y)=¢(X,Y)={(u,v)lue X rveY auev}
G,(X,Y)=X-Y

G,(X.Y)=X Y

Gy (X)=UX

G, (X)=domX

6. ()= {(wv) x|

G (X)) ={(u,v,w)|(u,w,v) e X}

Gyo (X)) ={(u,v,w)|(v.w,u) e X}



